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ABSTRACT 

Shared entanglement is a resource available to parties com- 
municating over a quantum channel, much akin to public 
coins in classical communication protocols. Whereas shared 
randomness does not help in the transmission of informa- 
tion, or significantly reduce the classical complexity of com- 
puting functions (as compared to private-coin protocols), 
shared entanglement leads to startling phenomena such as 
"quantum teleportation" and "superdense coding." 

The problem of characterising the power of prior entan- 
glement has puzzled many researchers. In this paper, we 
revisit the problem of transmitting classical bits over an 
entanglement-assisted quantum channel. We derive a new, 
optimal bound on the number of quantum bits required for 
this task, for any given probability of error. All known 
lower bounds in the setting of bounded error entanglement- 
assisted communication are based on sophisticated informa- 
tion theoretic arguments. In contrast, our result is derived 
from first principles, using a simple linear algebraic tech- 
nique. 
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1. INTRODUCTION 

Consider two parties solving a distributed task by com- 
municating with each other. Remarkably, it has been shown 
that if the two parties are equipped with a quantum com- 
puter and can communicate by exchanging quantum states, 
they can solve certain tasks at a significantly smaller com- 
munication cost, when compared to classical protocols || [j], 
|l8| . This is especially surprising since an early result due to 
Holevo jlo) (later explained in simpler terms by Nayak |f6| ) 
rules out obvious methods of compressing classical infor- 
mation into succinct quantum messages — Holevo's theorem 
implies that n quantum bits of communication are necessary 
to transmit n classical bits of information. 

An additional resource that is available to parties commu- 
nicating over a quantum channel is "shared entanglement" : 
the two parties may be given some number of quantum bits 
jointly prepared in a fixed superposition, prior to communi- 
cating with each other. For example, they may jointly hold 
some number of EPR pairs.f] The quantum channel is then 
said to be "entanglement-assisted." 

Shared randomness does not help in the transmission of 
information from one party to another, or significantly re- 
duce the classical complexity of computing functions vis- 
a-vis private-coin protocols [[14l Section 3.3]. On the other 
hand, prior entanglement leads to startling phenomena such 
as "quantum teleportation" Q and "superdense coding" Q . 
In particular, superdense coding allows us to transmit n clas- 
sical bits with perfect fidelity by sending only n/2 quantum 
bits. The problem of characterising the power of prior en- 
tanglement has baffled many researchers jl2j , especially in 
the setting of bounded-error protocols. It is open whether it 
leads to more than a factor of two savings (using superdense 
coding) or more than an additive 0(log n) savings (when 
used to create shared randomness). Few lower bounds are 
known for communication problems in this setting [^, [l^, 
[lf| , [f3| , and are all derived using sophisticated information- 
theoretic techniques. 

In this paper, we focus on the most basic problem in 

x An EPR pair consists of two qubits prepared in the maxi- 
mally entangled state 4=(|00) + |1 1)). 



the setting of communication over an entanglement-assisted 
quantum channel, that of transmitting classical bits from 
one party to another. We derive optimal bounds on the 
number of quantum bits required for this task, for any given 
probability of error. 

Theorem 1.1. Suppose one party, Alice, wishes to com- 
municate n bits to the other, Bob, over an entanglement- 
assisted quantum channel. For any choice of the entangled 
state, and any protocol such that the total number of qubits 
sent by Alice to Bob (over all the rounds of communication) 
is tua, let Y be the random variable denoting Bob's output, 
when Alice wishes to convey X . If X is distributed uniformly 
over {0, 1}™, the probability that Bob correctly recovers X is 
is bounded as 



Pr[Y = A] < , 

irrespective of the number of qubits sent by Bob to Alice, or 
the number of rounds of communication. 

Thus, for protocols with probability of success 8 > 0, we get 
the optimal lower bound of raj > |(n — log j). This im- 
proves over the lower bound of rriA > \{Sn — H(5)) implied 
by a result of Cleve et al. |], Theorem 2], when combined 
with Fano's inequality |], Section 2.11]. 

Remark: A bound for non- uniform distributio ns o ver 
the inputs also follows from the proof of Theorem ll.lL 
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as 

m Jl(|. Note also that an optimal bound of n — log ~ for 
the total number of quantum bits exchanged, including the 
communication required to create the prior entanglement, is 
implied by j5| Theorem 2.4]. □ 

All known lower bounds for bounded-error communication 
using prior entanglement are based on complex information- 
theoretic arguments. In fact, one might be lead to believe 
that such techniques are inevitable — any lower bound proof 
necessarily depends on the property that the prior shared 
state contains no information about the inputs. Contrary 
to this, our results are derived from first principles, using 
a linear algebraic technique that has its roo ts i n the work 
of Nayak (if: 



In order to prove Theorem 
new characterisation of the joint state at the end of a quan- 
tum protocol that complements the characterisation due to 
Yao [M. It greatly clarifies the role of shared entanglement 
in communication, and we expect that it will further enhance 
our conceptual unde rsta nding of quantum communication. 
Putting Theorem 



1.1 



we give a 



Cleve et al. 



1.1 



together with a reduction due to 
| , we get a new lower bound of \ (n— 2 log ) 
for the e-error entanglement-assisted communication com- 
plexity of the inner product function. The previous best 
lower bound was |((1 — 2e) 2 n — 1) due to [&. Since there is 
a classical n — log J" 2 + 1 bit public-coin protocol for Inner 
Product, and hence a \(n — log + 1) qubit quantum 
protocol with shared EpR pairs, our lower bound is near- 
optimal. Our results thus provide more examples where 
shared entanglement leads to at most a factor of two savings 
in communication. 

The lower bound of |(n — 2 log 1 _ L 2g ) for Inner Product 
stated above was independently discovered by van Dam and 
Hayden [ H| in the case of communication with shared EPR 
pairs. However, they follow an information-theoretic ap- 
proach that provably breaks down in the presence of arbi- 
trary prior entanglement. 



1.1 Organisation of the paper 

The quantum communication model, and the associated 
terminology and notation are described in Section ^. We 
begin by analysing quantum encoding of classical bits in the 
presence of entanglement in Section In fact, we first con- 
sider a very restricted kind of encoding, where the shared 
state consists of EPR pai rs, a nd no ancillary qubits are used 
in the encoding (Section 3.1). This contains the basic ele- 
ments of the proof for general encoding as well, which is the 
subject of Section 



3.2 



Building on the insight gained from 
the study of quantum encoding, we extend our results to the 
case of interactive communication in Section 

2. PRELIMINARIES 

2.1 The communication model 

In the quantum communication model of Yao [^o), two 
parties Alice and Bob hold qubits. When the game starts 
Alice holds a superposition \x) and Bob holds \y), repre- 
senting the input to the two players. The initial joint state 
is thus | a;) a ® \u)b, where a subscript indicates the player 
holding that set of qubits. Furthermore each player has an 
arbitrarily large supply of private qubits in some fixed basis 
state, say |0). The two parties then play in turns. Sup- 
pose it is Alice's turn to play. Alice can do an arbitrary 
unitary transformation on her qubits and then send one or 
more qubits to Bob. Sending qubits does not change the 
overall superposition, but rather changes the ownership of 
the qubits, allowing Bob to apply his next unitary trans- 
formation on the newly received qubits. At the end of the 
protocol, one player measures one or more qubits in some 
basis, and declares those as the result of the protocol. (In 
cases where a specific player is required to know the answer, 
that player makes the measurement.) In a classical prob- 
abilistic protocol the players may only exchange messages 
composed of classical bits. 

Note that there is no loss of generality in not allowing 
the players to measure a subset of their quantum bits in 
the intermediate steps of a protocol. This is because all 
measurements may be postponed to the end by the principle 
of safe storage Ji). We also assume, w.l.o.g., that the players 
do not modify the state of the qubits containing their inputs. 

In the classical model we can also define a public-coin ver- 
sion, in which the players are also allowed to access a shared 
source of random bits without any communication cost. The 
classical public and private-coin models are strongly related 
(see (l4[ Section 3.3]). In the quantum analogue of the 
public-coin model, Alice and Bob may initially share an ar- 
bitrary number of quantum bits which are in some pure state 
that is independent of the inputs. This is known as commu- 
nication with prior entanglement || or in information- 
theoretic terms, as communication over an entanglement- 
assisted quantum channel Q. 

The complexity of a quantum (or classical) protocol is the 
number of qubits (respectively, bits) exchanged between the 
two players. We say a protocol computes a function / : X x 
Y i — > {0, 1} with e > error if, for any input x £ X, y 6 Y, 
the probability that the two players compute f(x,y) is at 
least 1— e. Q e (/) (resp. R t {f)) denotes the complexity of the 
best quantum (resp. probabilistic) protocol that computes / 
with at most e error. We will use the notation Q*(/) for 
entanglement-assisted quantum communication of the func- 
tion /. 



On occasion, we will concentrate on communication in one 
round, since this often sheds light on fundamental properties 
of protocols for certain problems. The message in a one- 
round protocol in which only one player gets an input is 
called an encoding of the input. The operations done by the 
other player, and her measurement are together referred to 
as 



2.2 Miscellanea 

A mixed state over a set of qubits is a probability distribu- 
tion {pi, \ <f>i)} over superpositions (or pure states), where the 
state \4>i) occurs with probability pi. We will sometimes use 
the notation {|</>i}} for a mixed state, where the states |6) 
are in general unnormalised, and are such that £\ II 6 l| 2 = 
1. 

The following theorem gives a useful characterisation of 
bi-partite quantum states (see Jl7| , Section 2.5]). 

Theorem 2.1 (Schmidt decomposition theorem). 
Any unit vector \(f>) in a bi-partite Hilbert space 7i®K, may 
be represented as 

\4>) = ^V^|ei>|/i>, 

i 

where {\ei}} and {\fi)} are orthonormal sets of states inTL 
and K, respectively, and the Xi > are such that Yli^i = 1. 

We denote the identity operator on states over k qubits 
by h- 

3. BOUNDS FOR ENCODING 

In this section we concentrate on one-way protocols, or 
encoding, by which one party, Alice, wishes to send some 
number of classical bits to Bob. 

3.1 Encoding over EPR pairs, without ancilla 

We first prove our results in the case where Alice does 
not use any ancillary qubits in the encoding process, and 
Alice and Bob share some number of EPR pairs. This moti- 
vates the proof in the more general case, and illustrates its 
essential elements. 

We start with a simple property of maximally entangled 
states, such as EPR pairs. This allows us to analyse the 
encoding process easily. 

Lemma 3.1. For any unitary transformation U on E qu- 
bits, and any orthonormal set j|6) : a £ {0, 1} B | over E' > 
E qubits, 

£ U\a)\ct> a ) = £ \a)U\cp a ), 

ae{0,l} E ae{0,l} E 

where U is any transformation on E' qubits such that for 
alla,a' G {0, 1} E , {4>a\U\4>a>) = (a'\U\a). 

PROOF. Observe that for b,c € {0, 1} E , 
(6|(6| £ U\a)\cf> a ) = (b\U\c) 

ae{0,l} E 

= <6!^I6> 

= (6K^| £ \a)U\<j> a ). 



a£{0,l} E 



We can now characterise the encoding process (without 
ancilla) as follows. 

Lemma 3.2. Suppose that Alice performs a unitary trans- 
formation on her share of E EPR pairs, and then sends m of 
the E qubits to Bob. Then, Bob has E + m qubits in a mixed 
state that can be represented as {pi,\4>i)} fl £ {0, l} E ~ m ) 
with {\<j>i)}i orthonormal, and pi = 2 n 1 _ m . 

Proof. Suppose that Alice appli es a , transformation V 
to her part of the state. By Lemma 3.1, the resulting state 
is 

1 £ V\a) A \a) B = -Ij £ \a) A V J \a) B . 



2 E/2 



ag{0,l} E 



06(0,1}' 



After the communication, Alice and Bob's joint state may 
be written as (w.l.o.g., Alice sends the rightmost m qubits 
to Bob): 



2 (B-m)/2 



£ io, 



ie{o,i} E - 



2'm/2 



£ \r) B V J \lr) B . 



r£{0,l} r 



Consider the mixed state on Bob's side obtained when Alice 
measures her qubits in the standard basis. The probabil- 
ity pi of Alice observing any given I is 2 J~_ m . The state of 
Bob's E + m qubits when Alice gets outcome I is 



i> = 



2 m/2 



E \r)V T \lr). 



rG{0,l} T 



We may easily verify that these are orthonormal for differ- 
ent 



The lemma follows. □ 



^$>|W T |l'r> 

r 

— Y(lr\l'r) 

r 



Note that the above measurement by Alice does not af- 
fect the decoding process; Bob's density matrix remains un- 
changed by it (see fl7l , Section 2.4], especially Section 2.4.3). 
Nonetheless, it allows us to express Bob's mixed state in a 
convenient form. 

This proves the lemma. □ 

By a simple dimensional argument, can now get an alter- 
native proof of the fact that the superdense coding scheme 
of jl| is optimal (in the case of encoding without ancilla). 
We omit the proof. 

In general, we can tolerate a little error in the decoding 
process. This opens up the possibility of Alice being able 
to reduce the communication significantly. The following 
theorem places limits on the savings achieved. 

Theorem 3.3. If Alice encodes messages x € {0, 1}" over 
EPR pairs without ancilla, and sends m qubits to Bob, the 
probability of correct decoding of a message chosen uniformly 
at random is bounded as Pr[correct decoding] < 

Proof. Suppose that the number of EPR, pairs Alice 
and Bob share initially is E. Let {p x ,i,\<Px,i)}i be Bob's 



mixed state when Alice has input x G {0, l} n , as given by 



Lemma 

We may view the entire decoding procedure used by Bob 
as measuring the encoded state with some ancillary qubits 
(w.l.o.g., assumed to be initialised to state |0)) with the 
projection operators {P y }- Here, the outcome y € {0, 1}™ 
corresponds to Bob's guess for the encoded message. We 
will omit the ancilla from the expressions below, for clarity 
of exposition. 

Let C be the event that Bob decodes a message correctly, 
C x (C x ,i) that he does so on receiving the encoding of a; 
(\4>x,i}, respectively). Let x be the event that Alice encodes 
message x, and xi that \4> x ,i) is prepared given that x is 
encoded. Then 



Pr[C] = ^ Pr[Cy ■ Pr[z] 

X 

gr[cy 

2_, 2 n 



- E 

x,l 

- E 



Pi[Cx,i] ■ PrN 



Pr[Cx,i] 



It thus suffices to bound t Pr[Ca;,i]. Observe that 
Pr[C x ,i] = \\Px\txj) || 2 . 



(1) 



(2) 



We introduce some notation. For each x, let H x be the 
space spanned by {\4>x,i)}i- Note that {\<l>x,i)}i is an or- 
thonormal basis for H x - Let R x be the projection onto H x . 
Since we allow a little error in the decoding process, the 
different spaces H x may not be orthogonal. 

Let H be the space spanned by all the vectors {l^,;}}^ ; , 
and Q the projection operator onto H. For each x, let the 
set {le^j)}^ be an orthonormal basis for the range of P x - 
Then {\e x .j)} x ^ is an orthonormal basis for the entire de- 
coding space. 

Now, 

Ell^!^)f = EK e ^'l^)l 2 
i i,j 

= En^i e ^>n 2 

< EllQ! e ^>H 2 > ( 3 ) 

3 

since the length of the projection of \e x j) onto H x is at most 
the length of its projection on the space H (of which H x is 
a subspace). 

From equation (^|), 

Eii^!^>ii 2 < Elicit) ii 2 

x,l x,j 

y ^ ( e xj\Q\e-x,j) 



= TrQ 



dim H 



(4) 



Combining equations (|l|), (g), and 



as claimed. 



Pr[C] 
□ 



< 



Q^E—mQri 



, we get 
2™ ' 



Encoding with EPR pairs and ancilla leads t o st ates very 
similar to those in Lemma 3^ , and Theorem |3.3| holds in 
that case as well. We will however skip ahead to encoding 
where Alice uses extra space, and an arbitrary entangled 
state. 

3.2 Encoding with general prior entanglement 

In general, in trying to transmit information, Alice and 
Bob may share an arbitrary entangled state (independent of 
their inputs) before they interact. In this section we show 
that the results in the previous section apply irrespective of 
which initial entangled state Alice and Bob share. 

The main difficulty here is that the property of messages 
encoded over EPR pairs embodied in Lemma |3.2| may fail 
to hold. However, we show a simple connection between 
encoding with EPR pairs and encoding with an arbitrary 
entangled state that allows us to conclude an identical result. 

We start by observing that we need only consider proto- 
cols which make use of a special kind of shared state. 

Observation 3.4. In any quantum communication pro- 
tocol with prior entanglement, we may assume, without loss 
of generality, that the initial shared state is of the form 

V\I \a) A\a) b , 

a6{0,l) E 

where X a are non-negative reals, and ^ a A a = 1. 

Proof. This follows dir ectly from the Schmidt decom- 



position theorem (Theorem 2.1). Consider a protocol V in 



which the quantum state shared by Alice and Bob has Ea 
qubits on Alice's side and Eb qubits on Bob's si de. For 
concreteness, assume that Ea < Eb- By Theorem 2.1, the 
shared state may be expressed as 



E 



Hb \<t>b) A\lpb) I 



be{o,i} B A 

where the fib are non-negative reals summing up to 1, and 
the sets {|<?i&)} and {IV't)} are orthonormal. We may mod- 
ify the protocol to a new protocol V' , which has the same 
behaviour as V on each input, but where the shared state 
is of the form in stated in the observation above. Consider 
any unitary transformations U, V on E = Eb qubits such 
that for every b £ {0, 1} Ea , 



U 
V 



1 0,6) 
1 0,6) 



|0>|&> 



Let Agt = fib, for 6 as above, and let the rest of the X a 
The protocol V' begins with the shared state 



be 0. 



v / AT|a).4|a)i 



since the space H is generated by states over E + m qubits. 



a€{0,l} E 

and then Alice and Bob apply U and V to their qubits 
respectively. Thereafter, the protocol proceeds exactly as 
in V . By construction, the protocols behave the same way 
for each input. □ 



We make another simplifying observation about the pro- 
tocols that we need consider. 

Observation 3.5. In any quantum communication pro- 
tocol with prior entanglement, we may assume, without loss 
of generality, that neither Alice nor Bob uses any ancillary 
qubits in their local unitary operations or measurements. 

This is because all the ancillary qubits used may be consid- 
ered as part of the initial shared state. 

The above observations allow us to relate the encoding 
with a general entangled state to the encoding obtained 
when EPR pairs are used instead. 

Lemma 3.6. Suppose that Alice performs a unitary trans- 
formation on her share of the joint state 

\fK \a) a\cl) b , 

aG{0,l} E 

and then sends m of the E qubits to Bob. Then, Bob has E+ 
m qubits in a mixed state that can be represented as 



|2 m/2 (/ m ®A)|0 i )) 

I. J (e{o,i} f 



with {\4>i)} l orthonormal, and A — ~}2 a \/X^ \a){a\- 

Proof. Note that the shared state may be written as 
A) ^ l a >l a >- 

a 

Suppose Alice applies the transformation V to her E qubits. 
The resulting joint state is 

a) | a) 

a 

= (I E ® A)Y^V\a)\a) 

a 

= (Jb® A)J2 \a)V T \a) 

Z 

10 (l 



(5) 



E 

ie{o,i} E -' 



A) £ \r)V J \lr), 

r€{0,l} m 



where equation (0) follows from Lemma 3.1. Let, as in 



Lemma 



3.5 



~ m/2 E \r)V J \lr). 

rS{0,l} m 



Suppose Alice sends m of her qubits to Bob, and measures 
the remaining qubits in the standard basis. The residual, un- 
normalised, state with Bob is then 2 m ' 2 (7 m ® K)\(j>i), when 
she observes I € {0, 1} ~ m . That the states \<j>i) are or- 
thonormal is shown in the proof of Lemma 3.2. □ 



We can now prove the equivalent of Theorem 3.3 
Alice and Bob share an arbitrary entangled state. 



when 



Theorem 3.7. If Alice encodes 2" messages over her part 
of an arbitrary (but fixed) shared entangled state and some 
ancillary qubits, and sends m qubits to Bob, the probability 
of correct decoding of a message chosen uniformly at random 
is bounded as Pr [correct decoding] < . 



Proof. We use the same notation as in the proof of The- 
orem [T^, adapted to the different encoding we get here due 
to the more general entangled state. 

By Observation 3.5, we may assume that Alice and Bob 
operate only on their shared entangled state. We may fur- 
ther assume th at t his state is of the special form described 
in Observation |3-4 

Let |2 m/2 (/ m (g) A) l^j)} be Bob's mixed state when Al- 
ice encodes x £ {0, l} n , as given by Lemma |3.6| . Since no 
ancilla is used in the decoding procedur e (i. e., in Bob's mea- 
surement to extract x, cf. Observation 3.5), the projection 
operators P y are over E + m qubits. Now, 



PrfC. 



and 



(6) 



= E ,„ 

X 

Pr[CJ = 2 m ^||P,(/ m ®A)|^, i )f. (7) 



Furthermore, 



= EK e ^'K / ™® A )l ( Ml i 

x,l,j 

< Eii( J ™® A )i e ^>n 2 

= E< e ^'K Jm ® A 2 )\e x , ) 

= Tr (I m ®A 2 ) 
= 2 m ^A a = 2 m . 



(8) 



Combining equations ^j, ([j]) and (g), we get 
Pr[C] < 2 2m /2'\ 



□ 



4. EXTENSION TO INTERACTIVE 
COMMUNICATION 

4.1 The main lemma 

In this section, we analyse the most general quantum pro- 
tocols for exchanging information. In these protocols, Alice 
and Bob share an arbitrary entangled state to begin with, 
and exchange messages both ways in order to communicate. 

The essential idea behind the results below is contained in 



Lemma 3.6, and leads to a new characterisation of the joint 
state in quantum protocols. In order to prove the lemma 
from first principles, we focus on protocols in which there is 
no prior entanglement. That it holds also for communication 
with prior entanglement may be inferred from the lemma 
itself by applying it to a protocol in which the prior shared 
entanglement is generated by Bob creating the state to be 
shared, and sending the appropriate part of it to Alice. 

Lemma 4.1. Let V be any quantum communication pro- 
tocol (without prior entanglement) in which the number of 
qubits sent by Alice to Bob (Bob to Alice) is tua (respec- 
tively, rriB ), and the final number of qubits with Alice (Bob) 
is qA (respectively, qB). Then, the joint state of Alice and 



Bob at the end of the protocol may be expressed as 
^2 \o)a A|0„) b , 

a£{0,l}1A 



Moreover, for the same reasons as in the proof of Lemma 3.2 , 



where 



1. A is a linear transformation that maps qB + 2m,B qubits 
to qB qubits, depends only on the unitary transforma- 
tions of Bob, and satisfies Tr(AA t ) = 2 2mA , and 

2. {\<f>a)} is an orthonormal set of states over qs + 2ms 
qubits, and depends only on the unitary transforma- 
tions of Alice. 



Proof. The proof goes by induction on the number of 
rounds t. 

In the beginning (for t = 0), the joint state (w.l.o.g.) 
is |0}a® j0)s, which represents all the qubits the two players 
use during the protocol. This is of the form described in the 
lemma, with A = Ao = |0)(0|. 

Let qA,t,QB,t,mA,t,niB,t be the quantities corresponding 
to qA,qB,m,A,m,B after t > rounds of communication. 
Assume that at this stage, the joint state of Alice and Bob 
is 

22 \a)A A t \(pa,t)B, 

a£{0,l} qA .* 

where At and {|</>a,t}} satisfy the conditions stated in the 
lemma (in terms of qB,t,rnA,t,mB,t)- We look at two cases 
for the (t + l)'th round of communication. 

Case (a). Alice applies a unitary transformation U to 
her qubits and sends p qubits to Bob. 

The state after the unitary transformation is 

(U®Iq B , t )(I qA , t ® A t ) J2 \ a )\^.') 
= (J® At) U\a)\4> a , t ) 
= (J® At) £ \a)U\4> a , t ), 

a£{0,l} qA ,t 

where U is a un itary transformation on Bob's qubits as given 
by Lemma 3.1, Thus, after Alice sends p of her qubits to 
Bob (w.l.o.g., these are the p rightmost qubits), the joint 
state looks like 



J2 \l)A(Ip®A t ) J2 V)BU\<t>lr,t)B- (9) 

ie{o,i} qA - t + 1 re{o,ip 

Here, qA,t+i = qA,t~p, qs,t+i = qB,t+p, mA,t+i = mA,t+p, 
and m,B,t+i = m B ,t- 
Let 



°i,t+i 



2 p/2 (I p ® At 



and 



> = 2- p/2 ^>> U\<f> lr , t ). 



Now, 



TrAt+iA t f +1 = 2 p Tr(/ p ®AtA t t ) 
_ 2 P ■ 2 P ■ 2 2mA ' t 



the set {|0;,t+i}} is orthonormal. Thus, the state in equa- 
tion (|^) is of the form stated in the lemma. 

Case (b). Bob applies a unitary transformation V to his 
qubits and sends p qubits to Alice. W.l.o.g., these are the p 
leftmost qubits. 

After the communication, the joint state looks like 

E I")' 4 !')' 4 {(l\®h B , t -v)VAMa,t)B, 
a g{0,l}<M,t i 6 {0,l} p 



which may be recast as 



22 \ al ) + 

a,l 



(10) 



where 



A '+i = J2 i(b\ ®I«b, t -p) VA t «b| ®/ 9B t ), 

i>e{0,l} p 
\4>al,t + l) = \l)\</>a, t). 

Now m A ,t+i = m A ,t, m B ,t+i = m B ,t + p, QA,t+i = qA,t + p, 
and qs,t+i = gs,t — P- 

The states \4> a i,t+i) are orthonormal. Moreover, 

Tr A t+1 A| +1 

= Tr^((fo| ® I)VA t ({b\ ® /)(|&') ®/)A t V + (|6) ®7) 



J2 Tr [«6| <8 /) VAtAlv't (\b) ® 7) 

b 

^Tr [(|6)(6|®/) VA t A\V ] 
[{I® I) ^A t A t V 



i) 

= Tr 

= Tr A t A J = 2 2mA - f+1 . 

Thus, the state in equation ([u)|) is of the form described in 
the lemma. 

This completes the induction step, and the proof. □ 

4.2 Implications for communication problems 

We now sketch how our character isat ion of quantum pro- 
tocols enables us to prov e T heorem 



1.1 



Proof of Theorem [Tl]. The proof is essentially the 
same as fo r Th eorem |3.7| , and we use the same notation here. 
Lemma 4.1 shows that Bob's state remains of form similar 



to that in Lemma 3.6 as he interacts with Alice during the 
protocol. Let {A\<f> Xt i)} l be Bob's mixed state at the end of 
the protocol when Alice has input x £ {0,1}™, as given by 
Lemma ^l]. Note that A is independent of x. 

Since we may assume that all the ancillary qubits used 
by Bob are included in his state above (cf. the proof of 
Lemma 4.1), the projection operators P y are over qs qubits. 



Now, as before, 



Pr[C] = £ 



Prjey 

2™ 



^£||^a|<m 



Furthermore, 



< E|| At i e ^)|| 

= TrAA f = 2 2mA . 
Combining these, we get Pr[C] < 2 2mA /2 n . □ 



Finally, we apply Theorem 1.1 to obtain an improved 
lower bound for the entanglement-assisted quantum com- 
munication complexity of the inner product function IP n . 
(The function IP„ : {0, 1}" x {0, 1}™ -> {0, 1} is defined 
as lP n (x,y) — (Bi(xi A Hi)-) The connection between the 
two is provided by the following reduction due to Cleve et 
al. §. 

Theorem 4.2 (Cleve, van Dam, Nielsen, Tapp). // 
Q*(IP n ) = rn, then there is an entanglement- assisted pro- 
tocol for transmitting n bits with probability of success at 
least (1 — 2e) 2 , such that the total communication from each 
party to the other, over all the rounds of communication, 
is m qubits. 



Theorem j^j now implies 
Corollary 4.3. <2*(IPn) 



> i(n-log 



(l-2e)^ - 



It is not hard to see that for any e < 1/2, there is a public- 
coin randomised protocol for IP n with communication cost 
at most n — log 1 _ L 2g + 1. Along with the superdense coding 
scheme of this means that 

Theorem 4.4. Q*(IP„) < \ (n - log ^ + 1) . 

Thus, our lower bound is close to optimal, and for constant 
error, is within an additive O(l) term of the upper bound. 
Since Qi/3(IPn) < n, this provides more evidence that prior 
entanglement does not give us a saving of more than a fac- 
tor 2 (plus perhaps an additive term of 0(log n)) in commu- 
nication cost. 
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